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Overview

* Provable non-convex projections for low-rank matrix recovery
mXin f(X)
s.t. rank(X) <r

* Projected gradient descent:
Xer1 = B(Xe =V (Xe))

* P.(Z): projection onto set of rank-r matrices
* Non-convex set

— . _ 2
P-(Z) = arg y rmin X — Z||z



Non-convexity of Low-rank manifold



Projection onto set of Low-rank Matrices

* Non-convex projections: NP-hard in general

* But P.(Z) can be computed efficiently:
Z =03V’




Convex-projections vs Non-convex Projections

* For non-convex sets, we only have:
vrec, |IRQZ)-Z|| <Y —-Z||

* O-th order condition

* But, for projection onto convex set C:
VY €C, ||Z—-Pc(DII* <Y -Z,P(Z) - Z)

e 1-st order condition

* 0 order condition sufficient for convergence of Proj. Grad. Descent?

* In general, NO ®
* But, for certain specially structured problems, YES!!!



Our Results

* RIP/RSC based Linear Regression
min IJA(X) — b||5 s.t. rank(X) <r

* A(:): RIP operator
* A(-): RSC operator (statistical setting)

* Matrix Completion
min ||Pq(X — M)||2 s.t. rank(X)<r

* (): randomly sampled, M: incoherent matrix

* Non-convex Robust PCA
min || M —X||&§ s.t. rank(X) <r

e M =L+S, L:low-rank incoherent matrix, S: sparse matrix



Low-rank Matrix Sensing

) >
g > Recovered Matrix (M)

Hidden matrix (M) Observed Measurements (A(M))




Matrix Linear Regression

A(M) = b
 A: R™*" - R (A, X))
* Linear operator A ,X
c A={AAy .. A AX) = ( 25 )
_<Ad)X>_

* Optimization Version:

min ||AX) — b|?
s.t. rank(X) <r



Low-rank Matrix Estimation

min [|AX) — b||3
s.t. rank(X) <r

* NP-hard in general
* Hard to even approximate within log(n + d) [Meka, J., Caramanis, Dhillon’08]

* Tractable solutions under certain conditions
 RIP conditions



Restricted Isometry Property

A

X )

 For all rank-r matrix (X):
(1= 8IXNE < A5 < (1 + 8)|IX]|7

* Examples:
e A :sampled from multivariate normal distribution

*m = O(énlogn)



Approach 1: Trace-norm minimization

min ||A(X) — b|13
s.t. || X|],. =7

* ||X||+: sum of singular values

* Provable recovery of M
* RIP based Matrix Sensing: [Recht, Fazel, Parrilo’07]
* For Gaussian distributed samples: O (r nlogn)

* However, convex optimization methods for this problem
don’t scale well
* SVD computation per step
* Intermediate iterates can have rank much larger than “r”



Approach 2: Alternating Minimization

b— A(F

T
= U x VT
Vi =min||b — AUV ||
Ut = min ||b — AQUVHD]13
* Provable convergence to M [J., Netrapalli, Sanghavi’13]
* RIP property satisfied

* Gaussian distribution: O(nr3logn)
* Suboptimal bounds




Approach 3: Projected Gradient based Methods

* Xy =0
* For t=1:T

Xe = B (Xeo1 = nAT(A(X-) — b))
* B.(Z): projection onto set of rank-r projection

 Singular Value Projection
e Several other variants exist (ADMIRA [Lee, Bresler’09])



Guarantees

* SVP converges to global optima
* 0, <1/3
* For Gaussians: O(r nlogn)
* Info. theoretically optimal

* Noisy case analysis also available

* Analysis: a simple extension of analysis of iterative hard thresholding
[Garg, Khandekar’08]

[J., Meka, Dhillon 2009]



Extensions

* Optimize general f
mXin f(X)
s.t. rank(X) <r

* Assume RSC-style condition: VX, s.t.rank(X) <r
(1+8) = V2F(X) = (1 =8I

* SVP converges to the optima for such a case as well [J., Kar, Tewari’14]
* Extensions to the “statistical setting” as well



summary

mXinf(X)
s.t. rank(X) <r

* Projected gradient descent converges to the global optima
* Assuming certain RSC/RIP style conditions

e Standard matrix sensing:
* Information theoretic optimal bounds

* Analysis:

* Only requires O-th order property
Y —Z[|= || (Z2) — Z||, VY €C



Low-rank Matrix Completion



Low-rank Matrix Completion

users

1 12 |3 |4 |5 |6 |7 (8 |9 [10]|11 (12
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- unknown rating - rating between 110 5

e Task: Complete ratings matrix
* Applications: recommendation systems, PCA with missing entries



Low-rank

1 12 |3 |4 |5 |6 |7 |8 |9 |10|11 |12
1 |1 8 5 5 4
s 3 (2 |4 1 |2 3 4 [3 |5
g. 4 2 |4 5 4 2 E x
5 4 |3 |4 |2 2 |5
6 |1 3 3 2 4
- unknown rating - rating between 1 to 5

M U x VT

e M: characterized by U,V « DoF: nr
 No. of variables:

e U:nXr=nr

e V:nXr=nr

IR



Low-rank Matrix Completion

| 2

min Errorg(X) = z (Xij — Mij)" = [IPo(X — M)||}
(i,j)EQ

s.t rankX) <r

e (): set of known entries

) otherwise
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Approach 1

* Convex relaxation: Replace rank(X) with || X|].
* Provably recovers M if:
e M:rank-r incoherent matrix (non-spiky matrix)

e M = UsVT U mT
M = UV, [|U]], < 75
e (): sampled uniformly at random and || = O(r nlog? n)

* Worst Computation time: 0(n>)
* Refs: [Candes, Recht 2008], [Candes, Tao 2008], [Recht 2010]



Approach 2

e Alternating Minimization: X = UVT
* Provably recovers M if:

* |Q] = O(poly(r)nlognlog (%) log(%)
* g;: i-th singular value of M '
* €:accuracy parameter
* Computation time: 0(|Q|r?)
* Nearly linearly computation time
* Sample complexity: dependence on k = gy /0,

e Refs: [J., Netrapalli, Sanghavi’13], [Hardt, Wooters’14]



Approach 3: Singular Value Projection

Sample ()
X: = B (X; — Po (X — M))

* Previous analysis applies only if Po(-) satisfies RIP
* RIP holds but only for incoherent matrices

* X; — M: need not be incoherent

1 1 1 1 1 1 0 0
1 1 1 - 1 1 1 = 0 0
1 1 1 .5 .5 5 5 .5

* Require: X; > M in L, norm



Guarantees

e Our approach:
* Analyze ||X; — M|| instead!
* At first seems tricky: B.(-) optimal only w.r.t. spectral norm or
Frobenius norm
* Three key tricks:
e Use a Taylor series expansion technique by [Erdos et al’ 2013]
* Convert L,,-norm error bounds into || - ||, error bounds
* Analyze ||H%u||



Setting up the proof (Rank-one Case)

X =P (Xeqg — Pa(Xp—q — M))
=P (M+X;_1 — M —Po(X;_q — M))
= P,(M + E; — Po(Ey))
— Pl(M + Ht)

* H = E — Pqo(Et)

o E
o E

H.] =0 :assuming () isindependent of E,

S IM—X¢—1]1%
H,(i,))%] <

* ||He||, < 6n||M — X¢_1||oo (assuming p = logn /6°)
* |IM — X;||, < 2||H¢||, (but only spectral norm bound)



Key Step 1

* Let v, A be the largest eigenvector/value of M + H;
(M + H)v = Av

(1 Ht) My
1)V T

HAY My My  ~o (HA\® My
o= (-t et e
2 2 A A) 2
a=1
« X, = lwv!
M-X.=M-vv! _
Ve m vaM z (Ht)“ MvvTMT (Ht)b
- y| A A A

a=0,b=0,a+b=1



Key Step 2

”M_Xt”oo

vl H\"
<|IM—M —Ml[e + /1) _
e M =uu*
I|M — M v_vTM” < maxe, u* (1 — u*Tv—vTu*) ue;
A e =T A !
< n}?x‘eiTu* ejTu* 1— (u*TU)z//H

112
< 4)1H, |1, < 8u2SIIM — Xe1 1o



Key Step 3

* Need to bound

|| (He) u™| | oo
*H =M—-X; 1 — Po(M — X;—1)
* (H;)% has several correlated entries

* Use technique of [Erdos et al’2013]
* Intuitively, counts the total no. of paths between any pair of nodes

* Bound: ||(Hp)%u™||o < \/%(SHM — Xt—1lloc logn)®
* Sum up terms to bound |[|M — X{||,



Guarantee for SVP

e At t-th step :
IIM — Xelloo < .5 |IM — Xi—1||oo

. Afterlog(%) steps: ||[M — X¢||oo < €

. 01 2 2 1
 Sample complexity: |Q| = nr?u? (J—) log® nlog-

* Dependence on condition number!!!

[Netrapalli, J.'14]



Stagewise-SVP

*Xo=0
e For k=1...r
* For t=1:T
* Xy =P r(Xe—q — Po(Xt—1 — M))
* End For
* Xo = X7
* End For



Guarantees

 After t-th step of k-th stage:
2

2u2r 1\
1M = Xelloo < —— (ks + (5 ) )

* M: rank-ri.e.o,,1 =0
* After T = log(i) steps of r-th stage: ||[M — X7||eo < €
* Sample complexity: |Q]| = nr*u?lognlog1/e

 Computation complexity: O(nr®u®logn logz)

* Linearinn
* No explicit dependence on g, /0,

[Netrapalli, J.14]



Simulations

ARMP: Random Instances Noisy Matrix Completion
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summary

e Study matrix completion problem
* Projected gradient descent works!

* With some tweaks, obtain a nearly linear time algorithm for matrix
completion
* No explicit dependence on condition number

* Future work:
 Remove dependence on € for sample complexity
* AltMin: remove condition no. dependence using similar techniques?



Robust PCA



Robust PCA

* M=L+E
* Standard PCA: recover L upto ||E]||,
* [|L—=L|| < ||E||lprank(L) < rank(L) =7
* Corrupted with arbitrarily large (but sparse) errors
M=L+S
e L: low-rank matrix
e S: sparse matrix

e Goal: Given M € R™*" decompose matrix into L, S



Motivation

* Adversarial corruption of a few coordinates per data point
* Foreground-background subtraction

Original Video Background Foreground

VI S




Harder Problem than Matrix Completion ?

1 3 5 3] 4

5 |4 4 2 |1 |3
2 |4 1 12 3 4 |3 |5
2 |4 5 4 2

4 |13 |4 |2 2 |3
1 3 3 2 4

Corrupt ratings - rating between 1to 5

* But, in MC: known and correct entries are only O(logn) per row
* In Robust PCA, we can allow O(n) correct elements per row



|[dentifiability?

* Unique decomposition not achievable in general:

e L=eel, S=eel

* Assumptions:

* L: rank-r 4 —incoherent matrix
e [ =UXUT

<I~¢\/_
- ||U], < B2

e S: d-sparse matrix
 Each row and column of S has at most d nonzeros



Existing Method

* Convex program

* Running time: 0(n?>)
. n
Assumption: d < s
* Question: PCA time complexity for Robust PCA?

* 0(n?r) algorithm?



Our Approach (NcRPCA)

My, =0
*Ly=0
* For k=1...r
*Fort=1, 2... T
M, =M;_y —H. (My;_; —L;_{) //Hard Thresholding
* L; = B.(M;) //Projection onto low-rank matrices
* End For

* End For
* Runtime: 0(n®r?)



Results

o T = log(l)
) ILr —L||, < €

. n .
* Assumption: d < 2 (same as convex relaxation)

* Running time: 0 (n?r?* logz)

[INUSAJ'14]



Proof Technique

*My =My_q —H(My_1 — Lt_q)

* Ly = B (M)

cletM, =L+ S5;

* Good properties only if S; is “sparse”

e Set 7T s.t.

* supp(S;) < supp(S)
* [1Stlleo =5 [1Se-1lloo

* But for this, we need ||L; — L||oo < .1||S¢—1|]co
* Somewhat similar to matrix completion, but different assumptions



Proof setup
¢ Lt — Pl(L + St—l)' Lt — AUUT

(L+S;_)v=Av

| St-1\  Lv
p ”_A 3
I—h _=_v z Stl
A A L
L—L,=L—vv! _

_ vaTL z Se_ \* Lov LT (S,_,\"
T 2 2 2

a=0,b=0,a+b=1




Result

* After t-th step of k-th stage:

2u2r 1\
1L = Lello < =— (01 + (5 ) o)

* L:rank-ri.e.or 1 =0

e After T = log(i) steps of r-th stage: ||[L — L[| < €

. . 1
 Computation complexity: O(n?r? log-)
* O(r logi) more expensive than PCA

* Require conditions similar to Chandrasekharan et al’2009

[INUSAJ'14]



Empirical Results

n=2000,r=10,noa =100
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Empirical Results

Non-Convex RPCA

Runtime:
Convex RPCA:
NcRPCA: 118s

Convex RPCA

3500s



summary

* Main message: non-convex projected gradient descent converges
* If underlying functions has special structure

* Problems considered:
* RIP/RSC based function optimization

* Matrix completion
* Robust PCA

* Provable guarantees
* Significantly faster than the convex-surrogate based methods
* Empirical results match the theoretical observation



Future Work

* RIP/RSC based Matrix sensing:
* Necessity of the required RIP/RSC conditions?

* Matrix completion:
* Remove dependence of |{}| on error €
* Optimal dependence of || onr

e Robust PCA:
e Extension to [Candes et al’09] style conditions

* Can handle 0(%) corruptions per row (currently, 0(%))

* Develop a more generic framework to jointly analyze these problems
e Similar to unified M-estimator technique of [Negahban et al’09]



Thanks!



